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$m$
$s$ $t$ $(m, s, t)$ $u$ $u$
$X=\{0,1,2, \ldots, M\}\cross\{O, 1,2, \ldots, T\}^{2}$
$U = \{0,1,2, \ldots, T\}$




$x=(m, s, t)\in X$ $u\in U(x)$
$T$




$r(x, u)$ $=$ $\{\begin{array}{ll}1 u>00 u=0\end{array}$ $x=(m, s, t)\in X,$ $u\in U(x)$
$k(x) = 0, x\in X$
$x_{0}$
$V_{1}(x_{0};\pi)$ $=$ $r_{0}+\vee x_{1}\in T_{1}\{r_{1}+\vee x_{2}\in T_{2}\{$ $r_{2}+\cdots+\vee x_{N-1}\in T_{N-1}\{r_{N-1}+\vee k\}x_{N}\in T_{N}\ldots\}\}$
$x_{0}\in X, \pi=\{\pi_{0}, \pi_{1}, \ldots, \pi_{N-1}\}\in\Pi$
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$\Pi$




$P_{1}(x_{0})$ Minimize $V_{1}(x_{0};\pi)$ subject to $\pi\in\Pi$
$x_{n}$ $n$ $v_{n}(x_{n})$
$(n=0,1, \ldots, N)$
$v_{N}(x) = k(x) x\in X$
$v_{n}(x) = \min_{u\in U(x)}[r(x, u)+ \vee v_{n+1}(y)] x\in X, 0\leq n\leq N-1.$
$y\in T(x,u)$
$v_{n}(x)$ $u(\in U(x))$ $\pi_{n}^{*}(x)$ $(n=0,1, \ldots, N-1)$
$\Pi$ $\pi^{*}=\{\pi_{0}^{*}, \pi_{1}^{*}, \ldots\pi_{N-1}^{*}\}$
3
$q(x, u)=$ $\{\begin{array}{ll}x, u u>00 u=0\end{array}$ $x\in X,$ $u\in U(x)$
( )
$V_{2}(x_{0};\pi)$ $=$ $q_{0}+ \sum_{x_{1}\in T_{1}}\{q_{1}+\sum_{2x\in T_{2}}\{$ $q_{2}+ \cdots+\sum_{x_{N-1}\in T_{N-1}}\{q_{N-1}+\sum_{x_{N}\in T_{N}}k\}\cdots\}\}$
$q_{n}=q(x_{n}, \pi_{n}(x_{n}))$ $x_{0}$
$P_{2}(x_{0})$ Minimize $V_{2}(x_{0};\pi)$ subject to $\pi\in\Pi$
$v_{N}(x) = k(x) x\in X$
$v_{n}(x) = \min_{u\in U(x)}[q(x, u)+\sum_{y\in T(x,u)},v_{n+1}(y)] x\in X, 0\leq n\leq N-1.$
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4$R(x, u) = (\begin{array}{l}r(x,u)q(x,u)\end{array}) x\in X, u\in U(x)$
$K(x) = (\begin{array}{l}00\end{array}) x\in X$
$r(x, u),$ $q(x, u)$ 2 3
( )
$(\begin{array}{l}a_{1}a_{2}\end{array})\lessapprox(\begin{array}{l}b_{1}b_{2}\end{array})$ $\Leftrightarrow$ $a_{1}\leq b_{1}$ $(a_{1}=b_{1}$ $a_{2}\leq b_{2})$
Minimize$\lessapprox$ $\min\lessapprox$ $\lessapprox$ ( )
$a_{i}= (\begin{array}{l}\alpha_{i}\beta_{i}\end{array})\in R^{2}, i=1,2, \ldots, n$
$\mathfrak{B}a_{i}=$ $(\begin{array}{l}\alpha_{i}\Sigma\beta_{i}\end{array})$ $=$ $(\beta_{1}\alpha_{1}+\vee\alpha_{2}\beta_{2}+\vee$ . . . $\vee+\alpha_{n}\beta_{n})$
$i\in\{1,2,\cdots,n\}$
1 2
$Q(x_{0})$ Minimize$\lessapprox$ $V(x_{0};\sigma)$ subject to $\sigma\in\Sigma$
$Q(x_{0})$ ( ) $v_{0}(x_{0})$ $\Sigma$ ([2])
$V(x_{0};\sigma)$ $=$
$+\mathfrak{V}\{R_{1}+\mathfrak{V}_{\tau_{2}}\{x_{1}\in T_{1}x_{2\in}$ $R_{2}+\cdots+\mathfrak{B}\{R_{N-1}+\mathfrak{V}^{K\}\cdots\}\}}x_{N-1}\in T_{N-1}x_{N}\in T_{N}$ ’
$x_{0}\in X, \sigma=\{\sigma_{0}, \sigma_{1\cdots,N-1}\sigma\}\in\Sigma$








$w_{n}(x_{n}, \lambda)$ $=$ $\min_{\sigma\in\Sigma(n)^{(\lambda)}}[R(x_{n}, u_{n})+x_{n+1\in}\mathfrak{B}_{\tau_{n+1}}\{R(x_{n+1}, u_{n+1})+\cdots+x_{N}\in T_{N}\mathfrak{B}^{K(x_{N})}\}]$
$x_{n}\in X, \lambda\in R, n=1,2, \ldots, N-1$
$(u_{n}=\sigma_{n}(x_{n}), u_{n+1}=\sigma_{n+1}(x_{n}, x_{n+1}), \ldots, u_{N-1}=\sigma_{N-1}(x_{n}, x_{n+1}, \ldots, x_{N-1}))$
$\min^{(\lambda)}$ 1 $\lambda$ 2
2 1 $\min^{(\lambda)}$
1 $\lambda$ – $\Sigma(n)$ $n$
$(N-n)$ $n=N$
$w_{N}(x_{N}, \lambda)$ $=$ $\{\begin{array}{l}K(x_{N}) \langle K(x_{N})\rangle_{1}\leq\lambda \end{array}$
$a=$ $(\begin{array}{l}a_{1}a_{2}\end{array})$ $i$
$\langle a\rangle_{i}=a_{i}, i=1,2$
4.1 $\lambda=1,2,$ $\ldots$ $w_{0}(x_{0}, \lambda)$ $\lambda$ $\hat{\lambda}$
$v_{0}(x_{0})=w_{0}(x_{0},\hat{\lambda})$
$m= \min_{\sigma\in\Sigma}\langle V(x0;\sigma)\rangle_{1}$
$v_{0}(x_{0}) = \min_{\sigma\in\Sigma}\lessapprox V(x_{0};\sigma)$






$w_{N}(x, \lambda)$ $=$ $\{\begin{array}{l}K(x) \langle K(x)\rangle_{1}\leq\lambda \end{array}$
$w_{n}(x, \lambda) = \min_{u\in U(x)^{[2]}}[R(x, u)+y\in T\mathfrak{B}_{n+1}w_{n+1}(y, \lambda-\langle R(x, u)\rangle_{1})]$ (1)
$x\in X, 0\leq n\leq N-1.$
$mini^{2]}$ 2 2






$w_{n}(x_{n}, \lambda)=--$ (1) $u_{n}\in U(x_{n})$
$w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})=-$
$x_{n+1}\in T_{n+1}$ $x_{n+1}\in T_{n+1}$
$\{\overline{\sigma}_{n+1},\overline{\sigma}_{n+2}, \ldots,\overline{\sigma}_{N-1}\}\in\Sigma(n+1)$
$w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})=R(x_{n+1},\overline{u}_{n+1})+\mathfrak{Y}_{\tau_{n+2}}\{R(x_{n+2},\overline{u}_{n+2})+x_{n+2\in}$
. . .
$+\mathfrak{V}\{R(x_{N-1},\overline{u}_{N-1})+\mathfrak{V}^{K(x_{N})\}\cdots\}\rangle_{1}}x_{N-1}\in\tau_{N-1}x_{N}\in T_{N}\neq-$ (2)





$x_{n+n+x_{n}+2\in T_{n+2}}V\langle R(x_{n+1}, u_{n+1})+\mathfrak{Y}\{R(x_{n+2},u_{n+2})+1$
. . .




$x_{n+1\in} \bigvee_{T_{n+1}}\langle R(x_{n+1}, u_{n+1})+_{x_{n+2\in}}\mathfrak{B}_{T}1_{2}^{R(x_{n+2},u_{n+2})+}$
. . .
$+_{x_{N-1}\in T_{N-1}}\mathfrak{Y}\{R(x_{N-1}, u_{N-1})+_{x_{N\in}}\mathfrak{Y}_{T_{N}}^{K(x_{N})\}\cdots\}\rangle_{1}}\leq\lambda$
$\langle R(x_{n}, u_{n})\rangle_{1}+\langle x_{n+1}\in T_{n+1}x_{n+2\in\tau_{n+2}}\mathfrak{B}^{R(x_{n+1},u_{n+1})+\mathfrak{B}\{R(x_{n+2},u_{n+2})+}$
. . .
$+\mathfrak{B}\{R(x_{N-1}, u_{N-1})+_{x_{N}\in}\mathfrak{B}_{\tau_{N}}^{K(x_{N})\}\cdots\}\rangle_{1}}x_{N-1}\in T_{N-1}\leq\lambda$
$\langle R(x_{n}, u_{n})+x_{n+1}\in T_{n+1}\mathfrak{Y}\{$$R(x_{n+1}, u_{n+1})+\mathfrak{V}\{R(x_{n+2}, u_{n+2})+x_{n+2}\in T_{n+2}$
. . .
$+_{x_{N-1}\in T_{N-1}}\mathfrak{B}\{R(x_{N-1}, u_{N-1})+_{x_{N}\in T_{N}}\mathfrak{B}^{K(x_{N})\}}\cdots\}\}\rangle_{1}\leq\lambda$
$\langle$ $\rangle_{1}$ $w_{n}(x_{n}, \lambda)$ $\min^{(\lambda)}$
$w_{n}(x_{n}, \lambda) \neq$
$u_{n}\in U(x_{n})$
$\exists x_{n+1}\in T_{n+1};w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1}) =$
$x_{n+1\in}\mathfrak{B}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1}) =$
$R(x_{n}, u_{n})+x_{n+1}\in T_{n+1}\mathfrak{B}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1}) =$
$u_{n}\in U(x_{n})$
$\min_{u_{n}\in U(x_{n})}[2][R(x_{n}, u_{n})+x_{n+1\in}\mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})] =$



















$\lambda(x_{n+1}) \leq \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1}$
$w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})$ $w_{n+1}(x_{n+1},$
$\lambda(x_{n+1}))$
$\langle w_{n+1}(x_{n+1}, \lambda(x_{n+1}))\rangle_{1} \leq \langle w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{1}$ (6)
$\langle w_{n+1}(x_{n+1}, \lambda(x_{n+1}))\rangle_{2} \geq \langle w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{2}$ (7)
$\langle w_{n+1}(\tilde{x}_{n+1}, \lambda(\tilde{x}_{n+1}))\rangle_{1}<\langle w_{n+1}(\tilde{x}_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{1}$
$\tilde{x}_{n+1}\in T_{n+1}$ (6)
$\langle \mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{1}x_{n+1\in}=\langle \mathfrak{V}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda(x_{n+1}))\rangle_{1}x_{n+1\in}$
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$i=1$ (5)
$\langle \mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{1}x_{n+1\in}$
$\leq \langle \mathfrak{Y}\{R(x_{n+1},\overline{u}_{n+1})+\cdots+\mathfrak{B}\{R(x_{N-1},\overline{u}_{N-1})+_{x_{N}\in T_{N}}\mathfrak{Y}^{K(x_{N})\}\cdots\}\rangle_{1}}x_{n+1\in\tau_{n+1x_{N-1}\in T_{N-1}}}(S)$
(7) $i=2$ (5)
$\langle \mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{2}x_{n+1\in}\leq\langle \mathfrak{V}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda(x_{n+1}))\rangle_{2}x_{n+1\in}$
$\leq \langle \mathfrak{B}\{R(x_{n+1},\overline{u}_{n+1})+\cdots+\mathfrak{Y}\{R(x_{N-1},\overline{u}_{N-1})+_{x_{N}\in}\mathfrak{Y}_{\tau_{N}}^{K(x_{N})\}\cdots\}\rangle_{2}}x_{n+1}\in T_{n+1}x_{N-1\in\tau_{N-1}}$ (9)
(8) (9)
$\langle R_{n}(x_{n},\overline{u}_{n})+x_{n+1\in}\mathfrak{B}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n},\overline{u}_{n})\rangle_{1})\rangle_{i}$
$\leq \langle R_{n}(x_{n},\overline{u}_{n})+x_{n+1}\in T_{n+1}\mathfrak{Y}\{R(x_{n+1},\overline{u}_{n+1})+$
. . .
$+_{x_{N-1}\in\tau_{N-1x_{N}\in T_{N}}}\mathfrak{B}\{R(x_{N-1},\overline{u}_{N-1})+\mathfrak{B}^{K(x_{N})\}}\cdots\}\rangle_{i}$
$= \langle w_{n}(x_{n}, \lambda)\rangle_{i}, i=1,2$ (10)
$\langle\min_{u_{n}\in U(x_{n})}[2][R_{n}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]\rangle_{2}$ $\leq$ $\langle w_{n}(x_{n}, \lambda)\rangle_{2}(11)$
$u_{n}^{*}\in U(x_{n})$
’
$\min_{u_{n}\in U(x_{n})}[2][R_{n}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{B}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]$
$= R_{n}(x_{n}, u_{n}^{*})+x_{n+1\in}\mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n}^{*})\rangle_{1})$
$\circ$ $x_{n+1}\in T_{n+1}$ $\{\hat{\sigma}_{n+1},\hat{\sigma}_{n+2}, \ldots,\hat{\sigma}_{N-1}\}\in\Sigma(n+1)$
$w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n}^{*})\rangle_{1})$
$=$ $R(x_{n+1},\hat{u}_{n+1})+\mathfrak{V}\{x_{N-1}x\in\tau\tau_{N-1}$
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$\hat{u}_{n+1}=\hat{\sigma}_{n+1}(x_{n+1})$ , $\hat{u}_{n+2}=\hat{\sigma}_{n+2}(x_{n+1}, x_{n+2}),$ $\ldots,$ $\hat{u}_{N-1}=\hat{\sigma}N-1(x_{n+1}, \ldots, x_{N-1})$
$\langle R(x_{n+1},\hat{u}_{n+1})+_{x_{n+2}\in T_{n+2}}\mathfrak{Y}\{R(x_{n+2},\hat{u}_{n+2})+$
. . .
$+\mathfrak{V}\{R(x_{N-1},\hat{u}_{N-1})+\mathfrak{Y}^{K(x_{N})\}\cdots\}\rangle_{1}}x_{N-1}\in\tau_{N-1}x_{N}\in T_{N}\leq\lambda-\langle R(x_{n}, u_{n}^{*})\rangle_{1}$





$\langle w_{n}(x_{n}, \lambda)\rangle_{2}$ $\leq$




$\langle w_{n}(x_{n}, \lambda)\rangle_{2}$ $=$ $\langle\min_{u_{\mathfrak{n}}\in U(x_{n})}[2][R_{\eta}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{V}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]\rangle_{2}$
$\min^{(\lambda)}$
$\langle w_{n}(x_{n}, \lambda)\rangle_{1}$ $\leq$ $\langle\min_{u_{n}\in U(x_{n})}[2][R_{\eta}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]\rangle_{1}$
(10) $i=2$ $\min^{[2]}$
1
$\langle\min_{u_{n}\in U(x_{n})}[2][R_{m}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{V}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]\rangle_{1}$
$\leq$ $\langle w_{n}(x_{n}, \lambda)\rangle_{1}$
$\langle w_{n}(x_{n}, \lambda)\rangle_{1}$ $=$ $\langle\min_{u_{n}\in U(x_{n})}[2][R_{n}(x_{n}, u_{n})+\sum_{x_{n+1}\in T_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]\rangle_{1}$
80
$w_{n}(x_{n}, \lambda) = \min_{u_{n}\in U(x_{n}}[2])[R_{n}(x_{n}, u_{n})+x_{n+1\in}\mathfrak{Y}_{\tau_{n+1}}w_{n+1}(x_{n+1}, \lambda-\langle R(x_{n}, u_{n})\rangle_{1})]$
$w_{n}(x, \lambda)$
( ) $\pi_{n}^{*}(x, \lambda)$ $(n=0,1, \ldots, N-1)$
$Q(x_{0})$ $\sigma^{*}=\{\sigma_{0}^{*}, \sigma_{1)}^{*}\ldots, \sigma_{N-1}^{*}\}\in\Sigma$ :
$\sigma_{0}^{*}(x_{0})=\pi_{0}^{*}(x_{0}, \lambda_{0}) , \lambda_{0}=\hat{\lambda}$
$\sigma_{n}^{*}(x_{0}, x_{1}, \cdots, x_{n})=\pi_{n}^{*}(x_{n}, \lambda_{n}) , \lambda_{n}=\lambda_{n-1}-r(x_{n-1}, \sigma_{n-1}^{*}(x_{0}, x_{1}\cdots, x_{n-1}))$
$n=1,2$ , , . . . , $N-1$
$\hat{\lambda}$ 4.1
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